Abstract-The goal of this paper is to build a simple point kinetics model to predict the neutron and photon multiplicities induced by an associated particle imaging deuterium-tritium neutron generator interrogating uranium metal. A point kinetics framework is used to model the relationship between multiplication and radiation released from a 14.1-MeV neutron-induced fission chain in subcritical uranium. The goal of developing this point kinetics model is to tie the number of neutrons and photons released from a configuration to the multiplication of that configuration. The discussion is limited to building a model that describes the photon and neutron multiplicities released from a uranium inspection object, not considering the detection process. The addition of polyethylene shielding is also investigated. The point kinetics predictions are compared with the results from an MCNP-PoliMi simulation throughout as a way of measuring how closely the simple point kinetics model describes the complex propagation and transport of fission chain radiation in fissile material. The results show that the point kinetics does an excellent job of predicting the multiplicities released from the inspection objects, but at the cost of multiple additional inputs, some of which rely on the knowledge of geometric information from imaging.
the various types of background contributions, such as (α,n) interactions and ambient neutron backgrounds. Applying fission chain analysis technique to an API deuteriumtritium (API-DT) neutron generator detection system is advantageous because of the minimal background and the precise knowledge of the 14.1-MeV interaction time. In addition, API-DT generators can be used for transmission neutron imaging, which can provide additional inputs into the analysis.
The disadvantage of this technique is the high energy of the source neutrons; 14.1-MeV neutrons are capable of inducing fission interactions within both 235 U and 238 U, and also induce significant levels of (n,2n) interactions in each isotope as well. The photons induced by the source and fission chain neutrons can also originate from multiple interactions from either isotope. These factors complicate the analysis significantly. This paper will discuss the modifications to standard point kinetics equations needed to model these neutron and photon correlations emitted from uranium being analyzed by an API-DT neutron generator system. Throughout the discussion, the model will be compared with MCNP-PoliMi simulations in order to evaluate how well the point kinetics model compares.
It is important to understand throughout the discussion of this model that the purpose is not to have an exact formulation of the multiplying system, but to have a simple formulation that gives a close estimation. The underlying assumption in this model is based on point kinetics, which treats the system as a point with no mass or volume (though later in this discussion these assumptions do not entirely hold true, when limited geometry inputs are used to correct for selfattenuation). The goal is to create a model that can use some simple nuclear data and give a close approximation of the system's multiplicative characteristics. The inputs into the model are the number distributions of the neutrons and photons released during fission, as well as some simple group cross section data. It is also assumed that the geometry of the system is known, as in the case of a detection system capable of imaging an unknown object.
The goal of developing this point kinetics model is to tie the distribution of neutrons and photons escaping from a configuration to the multiplication of that configuration. Then the model can be used to approximate the multiplication based on detection rates of neutron and photon number distributions. The multiplication of a fissile uranium metal configuration is useful to know because it is a function of the total mass 0018-9499 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
of uranium, the enrichment, the shielding material, and the geometry.
A. Relevant Background
The basic function for modeling the probabilities of detecting a given multiplet (number of particles emitted) by utilizing probability generating functions was formulated decades ago and is described in [2] and [5] - [7] .
The increased use of fast detectors, fast electronics, and the increased computing capabilities of recent years has caused fundamental shifts in multiplicity detection, which has led to more research into extending correlation detection algorithms. The ability of fast detector systems to separately detect individual fission chains has led to many relooking at multiplicity counting algorithms. Thermal multiplicity counters measure chains over tens of microseconds, spreading the length of the chain out in time via thermalization and remaining blind to the photons. Using fast detector arrays shortens the time window to tens of nanoseconds and includes photon detection. This allows for detection of individual fission chains over a shorter measurement period with reduced background because of the short time window, but also increases the importance of ensuring correct particle classification, as well as other considerations. This shift has led a few efforts to include photon multiplicities into fission chain analysis [3] , [4] , [8] - [10] .
II. BÖHNEL EQUATION
Böhnel [2] utilized the probability generating function method to describe the probability of producing n neutrons in a fission chain. Let P n ( p) be the probability that n neutrons do not produce further neutrons, but escape the system and are available for detection. This is a function of p that is the probability that any given neutron will induce further fissions. The probability generating function, called h(y), is given by
where the probability function P n ( p) can be solved for by taking the nth partial derivative and evaluating at y = 0
The Böhnel equation is a function that describes the initiation of a fission chain by a single neutron
The first term in this equation describes the probability that a neutron does not initiate a fission chain, and is available for detection. The second term describes a neutron inducing a fission interaction, which propagates the chain. This second term incorporates the neutron multiplicity data from a fission interaction
where α C i is the probability of i neutrons being released from the fission event and N c is the maximum number of neutrons that could be released from the fission event. The sum of the multiplet probabilities, α C nu , is normalized. The probability P n ( p) that n neutrons are released from a fission chain initiated by one neutron can then be determined by applying the nth derivative and solving for y = 0
In this form, the value of P n ( p) depends on the previous probability functions. This property allows the values to be found recursively such that P 0 ( p) can be used to determine P 1 ( p) that then can be used to determine P 2 ( p) and so on. It is useful to determine the moments of the probability generating function h(y) because they end up being simpler.
The moments of h(y) are defined as
and given that h(1) = ∞ n=0 P n ( p) = 1, the following is applicable:
where ν C n is the nth moment of the number of neutrons emitted from a single fission.
III. FISSION CHAIN INITIATION
The previous probability generating function described neutrons from induced fission propagating further fissions. However, the fission chain begins with one fission energy neutron, which is not applicable to the active interrogation system being modeled. For this paper, the first fission of the chain will be induced by a 14.1-MeV neutron. For now, we will assume that this 14.1-MeV neutron interaction is a fission event, and later we will consider 14.1-MeV (n,2n) interactions as well. This initial 14.1-MeV induced fission will have a different multiplicity distribution and needs to be treated separately. First, a probability generating function H (y) is defined
is the probability that n neutrons are released from a fission chain that was started by a 14.1-MeV induced fission. To account for this separate nuclear data, a function similar to C(y) is defined, called D(y), that consists of nuclear data of a 14.1-MeV induced fission
The incorporation of the 14.1-MeV induced fission is similar to the previous analytic development. The source neutron will either not induce a fission, meaning that one neutron is released from the system, or the source neutron will initiate a chain described by the function D(h(y))
This probability is now a function of both p and the coupling constant ω f , which is the probability that the source neutron will induce a fission.
As a way to build confidence in the point kinetics model described in the previous sections, the moments and probabilities are compared between the analytical equations and MCNPx PoliMi, which has been experimentally verified [11] . The multiplet probabilities were not solved for directly, but were determined by sampling the analytical equations in a Monte Carlo code. These results were compared with MCNPx PoliMi models, in which the particles escaping a 235 U metal sphere were counted with an SSW tally. The SSW tally was postprocessed to determine the multiplet probability by a Python code. 1 Fig . 1 shows the distribution of neutrons escaping a 4-cm sphere of 100% enriched uranium metal, as modeled by MCNPx PoliMi and (10) (labeled in Fig. 1 as Point Kinetics). In order to model the behavior of this object via (10), the object's k eff was determined via MCNPX kcode and used to determine the probability of fission, p (k eff = ν C 1 p). The multiplet probabilities are plotted as a visual comparison between the two models. The percent difference (labeled % Diff, calculated by (MCNP − PK/MCNP)) between the first two factorial moments are given in the top left-hand side of the plot as a quantitative comparison between the two models.
The fit between point kinetics and MCNP is impressive considering that only fission events are being considered by (10) . Note that the worst fit is around multiplets of two, where the MCNP moments are higher than point kinetics; the (n,2n) interactions are significant in uranium for high-energy neutrons and will be incorporated into the equations in Section VI-A.
IV. PHOTON DISTRIBUTION
Adding photon distributions to this modeling technique has already been explored, and is presented in more depth 1 This code was written by Tweardy [12] and edited for use in this paper. in [3] , though only fission and (n,γ ) for a passive system are considered. The formulation described by them will briefly be presented here.
Since photons produced from fission interactions do not have enough energy to induce fission, the propagating mechanism for the fission chains is still driven by neutrons. This means that the photon distribution relies heavily on the neutron distribution. A function E(x) is used to describe the distribution of photons released per fission interaction
To differentiate photons from neutrons, the variable x is used instead of y and the probability generating function is defined by
and the equivalent expression for photons to the Böhnel equation is
where the first term shows that no photons are emitted if no fission occurs, (1 − p), but are emitted in the event of a fission, pE(x)C(g(x)). Just as in the neutron case, the distribution of photons emitted from initiation of a 14.1-MeV fission chain needs to be treated separately than the fission neutron-induced chains. Defining F(x) to be the function describing the photon distribution from the 14.1-MeV induced fission, the photon equivalent generating function and distribution function to (10) are given by (14) and Fig. 2 shows a comparison of MCNPx PoliMi and (15). This tally was done differently from that of Fig. 1 , because the photon distribution is heavily affected by other interactions besides fission, unlike the neutron case. Instead of comparing the particles escaping from the uranium sphere, all fission photons produced within the sphere were tallied. This was done as a "sanity check" in order to show how well (15) models the photons produced.
V. COMPOSITE EQUATION
Since the neutron and photon distributions are so closely linked, combining the two distributions into one joint equation is simple, and has been done in [13] and [3] . The composite generating function is now defined as
where y and n track neutron distributions and x and m track photon distributions. The equivalent equation to (3) is then
extending this composite formulation to (10)
Just as before, the probabilities of n neutrons and m photons being emitted from a chain are given by
To get neutron distributions from this composite definition, take derivatives only of y and set x = 1, which is equivalent to taking the zeroth moment of the photon distributions, meaning that all distributions are considered.
VI. ADDING NONFISSION INTERACTIONS
For fission energy neutrons, the interactions in uranium metal are dominated by scattering and fission interactions. Since scattering interactions do not directly affect the number of neutrons escaping a system, the previously described point kinetics equations approximate the neutron population of a uranium metal object well.
Moving away from a system that consists of only fission energy neutrons, other interactions begin to contribute to the balance of particles. Using a source of 14.1-MeV neutrons introduces a significantly higher probability of (n,2n) interactions occurring. An additional consideration is that 238 U has a high rate of (n,2n) and fission interactions induced by 14.1-MeV neutrons.
In addition, incorporating photons into these equations requires that other interactions be considered. Photons are attenuated in the dense uranium metal at a very high rate, and neutron inelastic scattering interactions occur frequently as well. Since both of these interactions affect the photon number distribution greatly, it is important that they are accounted for in the model.
The following sections describe the incorporation of photon absorption, 14.1-MeV neutron (n, 2n) interactions, and neutron inelastic scattering interactions into the previously described model in an effort to model the neutron and photon populations of these systems as closely as possible. 
A. Source Neutron (N,2N) Interactions
The 14.1-MeV neutron (n, 2n) interaction is simple because (n,2n) interactions always release two neutrons. Letting N(y) be the generating function for (n,2n) interactions, the probabilities α
Due to normalization, ν N 2 = 1 so that the number distribution function simplifies to N(y) = y 2 . Adding this gives
where ω nn is the probability of a 14.1-MeV (n, 2n) interaction occurring, and (h(y)) 2 describes two neutrons being produced in the chain, with the ability to escape the system or to create fission interactions. Fig. 3 shows the effects of adding the (n, 2n) interaction into (21). It is visually clear that these equations fit the MCNP generated results better than that was seen in Fig. 1 . This is further supported quantitatively by comparing the first and second moments of each distribution, which are now closer.
B. Photon Absorption
While the number of photons released per fission is much higher than the number of neutrons, the absorption of photons in the highly dense uranium metal is much more severe than for neutrons. In fact, the neutron (n,γ ) interaction is infrequent enough that it is not considered in this model, though others have included it in the past [14] . As described in [14] , one way to model photon absorption is by inserting the photon nonabsorption probability into the point kinetics model as a binary function. Each photon will either escape the system or be absorbed
where γ is the probability of nonabsorption of an average photon. Equation (17) then becomes 
The fission photon distribution function including absorption, E(l(x)), then becomes
Taking the nth moment of this function, the moments of the photon nuclear data functions can be changed in the following way to include photon absorption:
For thicker objects with high photon attenuation, it is clear that higher order photons will be severely reduced. Fig. 4 shows a comparison of (21) with photon absorption incorporated. Unlike in Fig. 2 , the MCNPx PoliMi tally in Fig. 4 is a tally of all photons escaping the uranium sphere. In the MCNPx PoliMi simulations, other interactions besides fission are producing photons, some of which are escaping the sphere. Therefore, the degree of match is not expected to be perfect; it makes sense that the point kinetics equations with only fission photons and absorption included consistently under predicts the MCNPx PoliMi output. It turns out that most of the nonfission photons seen in the MCNPx PoliMi output are from inelastic scattering interactions, which is incorporated in the next section.
C. Inelastic Scattering
Because higher energy neutrons will inherently lead to different gamma-ray cascades, there needs to be separate functions to describe the resulting gamma-ray distribution for each neutron energy group. Let M(x) represent the gamma-ray distribution induced by inelastic scattering interactions with fission energy neutrons such that
Then let J (x) be the counterpart for inelastic scattering gamma rays induced by 14.1-MeV neutrons. Note that α M 0 and α J 0 are both set to zero, because a scattering interaction that produces zero photons would be elastic, and elastic scattering is not modeled here. Inelastic scattering is modeled as an interaction that produces one neutron and some distribution of photons, described by the functions described previously. The function h(l(x), y) now becomes
and similarly H (l(x), y) becomes
where p ng and ω ng are the probabilities of inelastic scattering gamma rays for fission energy and 14.1-MeV neutrons, respectively. Fig. 5 shows a comparison of (28) with MCNPx PoliMi simulations. Again, the MCNP tally in Fig. 5 is a tally of all photons escaping the spheres (the same tally plotted in Fig. 4) . However, it is clear that adding inelastic scattering gamma rays into the point kinetics equations gives a significantly closer match to the MCNP tally. This can be seen visually and also quantitatively by the smaller difference between the first and second moments.
While this is a significantly closer fit than seen in Fig. 4 , some of the simplifying assumptions lead to the point kinetics matching less well for larger higher multiplicity objects in comparison with smaller objects. This is partly due to the assumption that the fissions are distributed equally throughout the sphere. Since the neutron leakage probability is lower toward the center of the sphere, the fission probability is slightly higher in the center of the sphere, leading to slightly more fissions and inelastic scatters occurring in the middle of the sphere than toward the edges. However, the point model inherently assumes an average fission probability, leading to slight inaccuracies [15] . Since photons are highly attenuated by dense uranium metal, the photons being produced at a higher rate in the center of the sphere lead to a higher level of attenuation.
D. Determining Interaction Probabilities
Adding interactions into this model means adding more unknown terms. However, based on our assumptions of neutron energy groups (fission energy and 14.1 MeV), these additional probabilities can be calculated from basic cross section data. Each neutron is produced at some location in the material (call it z = 0), and the probability of a neutron interacting per unit length traveled is given by Prob. of Int.
where I is some interaction cross section and R is the removal cross section. Since the probability of fission, p, is directly related to the multiplication of the system, which is the desired output parameter, it would be useful to get the other interaction probabilities in terms of p. Let f I be the ratio of the probability of some interaction to the probability of fission, which would reduce to
where the σ values refer to the microscopic cross sections of the given material. The factor f I can then be taken as a known quantity, reducing the number of unknowns. The two equations, describing chain initiation and chain propagation, then become
where the s superscript denotes the use of source energy cross sections. The problem with this approach comes with its sensitivity to neutron energy. As fission energy neutrons lose energy, the value of σ f changes significantly, and other interaction cross sections do not change in the same way, meaning that the factors f I are very sensitive to energy. However, because uranium nuclei are large compared with neutrons, the neutron energy does not change greatly as it travels through uranium metal, meaning that this factor gives a good estimate of the interaction probabilities. 1) Coupling Constant, ω f : The last equation that will be explicitly calculated is ω f , the probability of a 14.1-MeV induced fission. This can again be calculated with (29) using known nuclear data and the thickness of the fissile object. The thickness of the fissile object can be determined by radiography.
2) Photon Absorption Probability: It is not straightforward to model the photon absorption because it is dependent on where the fission interactions are occurring in the system, and the average length of material between that fission location and the surface of the material. There are various factors that make this term complex to predict: several photons are released at a time, which puts constraints on the direction the photons can travel, and the energies of the emerging photons; the photons have a range of energies; the location of the fissions within the object is not entirely uniform, because the interaction probability varies with geometry [15] ; and the average path length of fission photons in dense uranium metal is small, which means that these minor effects can cause large differences. Because of these various complexities, the absorption probability cannot be modeled by a simple function, such as an exponential decay over material thickness.
Given these issues, the absorption probability values used were determined empirically by running MCNP simulations and tallying the number of photon absorption interactions and the total photons produced for each uranium geometry. This is not an ideal solution, since new simulations are needed for each new geometry.
VII. ADDING SHIELDING
A major motivation of utilizing photon multiplicity distributions is looking at ways that photon signatures can complement neutron signatures, especially when a neutron attenuating material is present. Therefore, this section focuses on polyethylene. Polyethylene happens to have advantageous physical properties for modeling photons escaping from fission. The material has a very low photon attenuation rate, and the inelastic scattering cross section for both fission energy and 14.1-MeV neutrons is low enough to be ignored.
The complication is the change in neutron energy of the system. Some of the assumptions made previously relied on the fact that neutrons do not lose significant energy before leaving the system. With the addition of polyethylene, the neutrons will scatter back into the system at lower energies. However, this will not be modeled because the main goal of this model is to remain simple. We do not expect the neutron distribution to be well modeled, and will simplify down to photon-only point kinetics equations. However, the photon multiplets are still dependent on the neutrons to propagate the fission chain, so neutron nuclear data are still present in the point kinetics equations.
In order to account for absorption of the photons in the shielding material, the photon nonabsorption probability is again modeled as a binary function, as in (22). The photons that escape the uranium will then have some probability, λ of also escaping the polyethylene, described by the function j (x)
The results of this derivation show that accounting for photon absorption in shielding material is as simple as replacing all values of γ with γ × λ. One additional tricky aspect of adding shielding, especially a low-Z shielding, is that the multiplication of the system changes significantly. The 4-cm sphere of uranium modeled previously had a multiplication value of two, but with 5 cm of shielding added, the multiplication goes up to 2.6. Fig. 6 shows the photon multiplets escaping a 4-cm radius sphere of 100% 235 U shielded by 5 cm of polyethylene shielding. As mentioned, the shielding increases the multiplication of the system from 2.0 to 2.6. The nonabsorption probability of photons traveling through 5 cm of polyethylene was determined by MCNPx to be 98%, meaning that the model was not significantly changed from the results seen in Fig. 5 , except for an increased probability of fission, p, due to neutron reflection (determined by M).
Visually, the results are quite similar, especially given the large effect the shielding has on the neutron population, which is not considered in the point kinetics model. While the first and second moments are not as closely predicted by the point kinetics as in the unshielded case, this is still quite impressive given the complexity of the system. Since 5 cm of shielding gave no significant photon attenuation (only 2%), the amount of shielding was also doubled to see how well the point kinetics compares with MCNP when photon absorption in polyethylene is affecting the signature (the absorption in 10 cm of shielding surrounding a 4-cm sphere is 16%). Fig. 7 shows the results. The fit is somewhat worse than that seen in Fig. 6 , but still surprisingly good considering the high level of shielding.
VIII. EFFECTS OF INPUT VALUES UNCERTAINTY
The results in the previous sections showed that adding interactions besides fission into the point kinetics equations increased accuracy significantly. Especially in the case of photon multiplets, a point kinetics framework that accounts for photon absorption and inelastic scattering interactions is necessary because realistic measurements will be heavily affected by these interactions.
The detriment of including these additional interactions is the addition of a large number of input values, including some that rely on geometric information to calculate them. These input values each have uncertainty associated with them, and as these uncertainties propagate through the equations, they could become large enough to make the equations incapable of predicting enrichment.
To give a sense of how the uncertainty of the geometry inputs would affect the outcomes of these equations, a simple exercise was performed. An uncertainty range of ±0.25 cm was assigned to the radius of the uranium sphere, R, to account for uncertainties in measuring the geometric dimensions using imaging techniques in order to see an example of the effects of this one uncertainty on the first and second photon distribution moment values.
The results of this perturbation are shown in Fig. 8 for the first and second factorial moments of the photon multiplet distributions. A couple of values are pointed out (values chosen are not significant) to show how the propagated uncertainty range in the geometric input translates to an uncertainty range in the enrichment values. 2 While the level of precision in the enrichment determination using these signatures is not overly impressive, it is still useful. In some applications, it is sufficient to differentiate DU from LEU from HEU, which the level of precision demonstrated here is clearly capable of. This brief exercise is limited to only the effects of the geometry input on the photon distributions because this is a potential weakness of this model; if the precision of the imaging measurements does not yield high precision geometric inputs into the model, it can have large effects on the photon multiplet distributions.
IX. DISCUSSION
The goal of this paper was to build a point kinetics model of the neutron and photon multiplicities induced by tagged 14.1-MeV neutrons. The model both maintains the simplicity of a point kinetics model, while also incorporating some of the complexities of a sizable uranium object being interrogated by 14.1-MeV neutrons.
Because of the high energy of the source neutrons, the (n,2n) source interaction has a significant effect and is worth modeling. The high energy of the source neutron also means that both 235 U and 238 U may have source induced fissions or source induced (n,2n) interactions. The results of this study suggested that this point kinetics model accounted for this well, though at the expense of increasing complexity by adding multiple input values.
In order to realistically model the photon multiplets escaping a uranium geometry, it is necessary to model the selfabsorption; fission photons produced from 14.1-MeV induced fission for both 235 U and 238 U isotopes; fission photons produced from fission energy neutron-induced fission for 235 U; and inelastic scattering events for 14.1 Mev and fission energy induced interactions for both 235 U and 238 U isotopes. This adds up to a large amount of input values. Given that the neutron input values also affect the photon multiplets, the total amount of input values affecting the photon distributions is significantly greater than that of neutrons, which can lead to higher propagated uncertainty.
Overall the agreement of these simple point kinetics equations to the more complex 3-D Monte Carlo models of the transport equation is quite impressive. The neutron and photon distributions escaping a variety of sizes and multiplications of uranium spheres was closely predicted by the point kinetics equations. 3 It was especially interesting to see how resilient the photon distributions were to large amounts of polyethylene shielding. This strength could make the photon distributions useful despite their complex nature.
The signatures leaving the inspection object were generally well modeled, and were clearly sensitive to the multiplicative properties of the object. However, this discussion has only been about the signatures emitted from the inspection object; further considerations include detection efficiency, time window definitions, background subtraction (a small effect in API-DT generator detection), crosstalk corrections, as well as other standard considerations for fast multiplicity detection.
